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Abstract
We investigate geometrical structures and low-energy theorems of N = 1
supersymmetric nonlinear sigma models in four dimensions. When a global
symmetry spontaneously breaks down to its subgroup, the low-energy effec-
tive Lagrangian of massless particles is described by a supersymmetric nonlin-
ear sigma model whose target manifold is parametrized by Nambu-Goldstone
(NG) bosons and quasi-NG (QNG) bosons. The unbroken symmetry changes
at each point in the target manifold and some QNG bosons change to NG
bosons when unbroken symmetry become smaller. The QNG-NG change and
their interpretation is shown in a simple example, the O(N) model. We in-
vestigate low-energy theorems at general points.
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1 Introduction
In non-supersymmetric theories, the Nambu-Goldstone (NG) theorem tells us that
there appear as many massless NG bosons as the number of broken generators,
namely dim (G/H), when a global symmetry G spontaneously breaks down to its
subgroup H . The NG bosons parameterize a vacuum degeneracy which has one-
to-one correspondence with the freedom of the embedding H into G. The effective
Lagrangian of massless bosons can be expanded by the number of space-time deriva-
tives, and the leading term, with two derivatives, is described by nonlinear sigma
models on target manifoldsG/H , whose coordinates are parametrized by NG bosons.
On this manifold, the unbroken symmetry H is realized linearly, while the broken
symmetry G is realized nonlinearly by NG bosons [1]. For non-supersymmetric cases,
low-energy theorems tell us that low-energy scattering amplitudes of NG bosons are
determined solely by the symmetries G and H , and do not depend on details of the
underlying theory (for a review, see Ref. [2]). The effective Lagrangian reproduces
these low-energy theorems.
In supersymmetric theories, there appear additional massless bosons called quasi-
NG (QNG) bosons [3] (and their fermionic superpartners).1 Leading terms of mass-
less effective Lagrangian are described by N = 1 supersymmetric nonlinear sigma
models (for example see Ref. [4]). Target manifolds of N = 1 nonlinear sigma mod-
els are Ka¨hler manifolds [5]: A manifold whose metric is given by a Ka¨hler potential
K(ϕ, ϕ∗)
gij∗(ϕ, ϕ
∗) =
∂2K(ϕ, ϕ∗)
∂ϕi∂ϕ∗j
,
is called a Ka¨hler manifold. ϕ(x) is a complex scalar component of a chiral superfield.
NG and QNG bosons are coordinates of a complex coset manifold GC/Hˆ, where GC
is the complexification of G and Hˆ is the complex subgroup often larger than HC,
the complexification of H . Ka¨hler potentials of GC/Hˆ have been constructed by
Bando, Kuramoto, Maskawa and Uehara (BKMU) [6] (for a review, see Ref. [7]).
If Hˆ = HC, the number of QNG bosons is the same as that of NG bosons, and
nonlinear realizations in these cases are called “maximal realizations” or “fully-
doubled realizations”. On the other hand, if Hˆ(⊃ HC) becomes larger, the number
of QNG bosons decreases. If there is no QNG boson, realizations are called “pure
realizations”, and studied extensively [8]. Pure realizations cannot be obtained as
the low-energy limit of underlying linear theories since there remains at least one
QNG boson [9, 10, 11]. If there is, however, gauge symmetry, it is possible to absorb
pairs of a QNG and a NG bosons by the supersymmetric Higgs mechanism. Hence
pure realizations are in some cases obtained as low-energy theories of gauged linear
sigma models [7, 12].
To investigate low-energy theories with supersymmetry, it is important to un-
derstand geometric structures of supersymmetric sigma models. In the cases of pure
1 Fermions, called the QNG fermions, would be interesting particles, when we regard quarks
and leptons as QNG fermions. But we do not discuss QNG fermions in this paper.
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realizations, the geometry of the target space is well understood, because Ka¨hler
potentials are uniquely determined by the metric of G/H . When there are QNG
bosons, however, the coset space, G/H where NG bosons reside, is a subspace of the
target space. Since the metric in directions along QNG bosons is not determined
by the geometry of its subspace G/H , the effective Lagrangian is not unique in this
case and depends on an arbitrary function of many G-invariant variables [11, 13].
When there are many G-invariant variables, it is complicated to study geometric
structures of target spaces in general. In this paper, we investigate the O(N) model
whose Ka¨hler potential contains an arbitrary function of a single variable, but gen-
eralizations to other models are straightforward.
This paper is organized as follows. We review our previous results [14] in the
rest of this section. The low-energy theorems at the symmetric points are explained.
In Sect. 2, we study non-symmetric points where unbroken symmetry H is reduced
to a smaller group H ′. In Sect. 3, to investigate the geometrical structure of the
supersymmetric nonlinear sigma model with O(N) symmetry, we show explicitly
how the different compact homogeneous manifolds G/H and G/H ′ are embedded
in the full target manifold GC/Hˆ by using the method of Shore [15]. We see how
some QNG bosons change to NG bosons at the non-symmetric points. In Sect. 4, we
derive the low-energy theorems of NG and QNG bosons at the general points of the
target manifold when the Ka¨hler potential is the simplest one. Sect. 5 is devoted to
conclusion and discussion. In Appendix A, we explain the Ka¨hler normal coordinate
which is used to calculate the low-energy theorems. In Appendix B, some geometric
quantities are calculated for the most general O(N)-invariant model.
The general low-energy effective Lagrangian of massless bosons φα(x) is a non-
linear sigma model whose target manifold has the metric gαβ(φ),
L = 1
2
gαβ(φ)∂µφ
α∂µφβ. (1.1)
Low-energy scattering amplitudes are unchanged by a field redefinition, which is a
general coordinate transformation in the target manifold. By expanding this in the
Riemann normal coordinate φi [16] up to the forth order, and regarding the fourth
order terms as interaction terms Lint, low-energy two-body scattering amplitudes of
the massless bosons φi (with momenta pi)〈
φk(pk), φ
l(pl)|iLint|φi(pi), φj(pj)
〉
= i(2π)4δ(4)(pk + pl − pi − pj)M(φi(pi), φj(pj)→ φk(pk), φl(pl)) (1.2)
can be calculated by summing up all the tree graphs2, given by
M(φi, φj → φk, φl) = − 1
3f 4pi
[(s− u)Rkijl + (u− t)Rijkl + (t− s)Rkjli]. (1.3)
2 To calculate the next-to leading order O(p4), we need to sum up one-loop graphs of the leading
term and tree graphs of the four derivative terms, with obeying Weinberg’s counting theorem.
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Here fpi is the decay constant of the NG bosons (pions), Rijkl is the curvature tensor
of the target manifold, and we have defined the Mandelstam’s variables by
s
def
= (pi + pj)
2 = +2pi · pj = +2pl · pk,
t
def
= (pi − pk)2 = −2pi · pk = −2pl · pj ,
u
def
= (pi − pl)2 = −2pi · pl = −2pj · pl. (1.4)
We consider cases that a global symmetry G spontaneously breaks down to its
subgroup H . We express broken and unbroken generators by 3
Xi ∈ G −H, Ha ∈ H, (TA ∈ G). (1.5)
In the cases of symmetric spacesG/H (in which there is a symmetryXi → −Xi , Ha →
Ha), the curvature tensor can be calculated by using structure constants of G, fAB
C ,
to yield
Rijkl = f
2
pi fij
afakl, (1.6)
and the low-energy theorems become
M(φi, φj → φk, φl) = − 1
3f 2pi
[(s− u)fkiafajl + (u− t)fklafaij + (t− s)fkjafali]. (1.7)
In N = 1 supersymmetric theories, the low-energy effective Lagrangian of mass-
less chiral superfields Φi(x, θ, θ¯) = ϕi(x) +
√
2θψi(x) + θθF i(x) (where ϕi, ψi and
F i are complex scalar fields, Weyl fermions, auxiliary scalar fields, respectively.) is
a supersymmetric nonlinear sigma model [22],
L =
∫
d2θd2θ¯K(Φ,Φ†)
= gij∗(ϕ, ϕ
∗)∂µϕ
i∂µϕ∗j + igij∗ψ¯
j σ¯µ(∂µψ
i + Γilk∂µϕ
lψk)
+
1
4
Rij∗kl∗ψ
iψkψ¯jψ¯l. (1.8)
Here the metric tensor is calculated by the Ka¨hler potential as
gij∗(ϕ, ϕ
∗) = ∂i∂j∗K(ϕ, ϕ
∗), (1.9)
and Rij∗kl∗ and Γ
i
lk are the complex curvature and the connection, respectively. In
Eq. (1.8), the auxiliary fields F i have been eliminated by using their equations of
motion. The massless chiral NG superfields appear when the global symmetry G
spontaneously breaks down to its subgroup H with preserving N = 1 supersymme-
try. We denote complex broken and unbroken generators as 4
ZR ∈ GC − Hˆ, KM ∈ Hˆ. (1.10)
3 The Lie algebras of the groups G and H are denoted by G and H, respectively.
4 Complex generators are complex linear combinations of Hermitian generators of G. We use
indices R,S, T and L,M,N for complex broken and unbroken generators, respectively.
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Their commutation relations are
[KM , KN ] = ifMN
LKL, [ZR, KM ] = ifRM
SZS, [ZR, ZS] = ifRS
MKM , (1.11)
where we have assumed the existence of an automorphism
ZR → −ZR, KM → KM . (1.12)
The target manifold (which is a GC-orbit of vacuum vector ~v) is a complex coset
manifold GC/Hˆ, and its representative is
ξ(Φ) = eiΦ·Z ∈ GC/Hˆ, Φ · Z =
NΦ∑
i=1
ΦiZRδ
R
i . (1.13)
Here Φi(x, θ, θ¯) are the NG chiral superfields and NΦ is a number of Φ
i. The left
action of G on the coset representative is
ξ
g→ ξ′ = gξhˆ−1(g, ξ), g ∈ G, (1.14)
where hˆ(g, ξ) ∈ Hˆ is called an Hˆ-compensator.
It is known that, when a vacuum vector ~v is in the real representation of G,
or when G/H is a symmetric space, only maximal realizations are possible [9]. So
we discuss maximal realizations, where there appear the same numbers of NG and
QNG bosons (at a symmetric point defined below). The low-energy effective Ka¨hler
potential can be written as [9, 6, 15, 11]
K(Φ,Φ†) = f(~v †ξ†(Φ†)ξ(Φ)~v) , (1.15)
where f is an arbitrary function, which cannot be determined by symmetry.5 This ar-
bitrariness is a characteristic feature of non-pure realizations. Note that this Ka¨hler
potential is G-invariant by Eq. (1.14) but not GC-invariant: A G-action is a gen-
eral coordinate transformation preserving the metric (the Ka¨hler potential), while
a GC-action does not preserve the metric. This fact has an important consequence:
The symmetry of the action is still the compact real group G, although the target
space is a GC-orbit of vacuum vector ~v.
A holomorphic vielbein ERi and a canonical Hˆ-connection W
M
i can be read as
coefficients of broken and unbroken elements of the Maurer-Cartan 1-form
1
i
ξ(ϕ)−1dξ(ϕ) = (ERi (ϕ)ZR +W
M
i (ϕ)KM)dϕ
i. (1.16)
We define symmetric points by points with the largest unbroken symmetry. (As seen
in the next section, there exist points with smaller unbroken symmetry.) We can
take a coordinate system ϕ on GC/Hˆ so that the origin of ϕ is a symmetric point.
5 If there are some G-invariants, a Ka¨hler potential can be written as an arbitrary function of
such invariants.
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Then at a symmetric point ϕ = 0, the vielbein and the Hˆ connection take the form
of
ERi |ϕ=0 = δRi , WMi |ϕ=0 = 0, (1.17)
respectively, and differentiations of the vielbein with respect to coordinates at the
point are
∂jE
R
i |ϕ=0 = 0 . (1.18)
From Eqs. (1.16) to (1.18), We can calculate the curvature tensor at the symmetric
point, given by
Rij∗kl∗ = f1(~v
†Z†SZ
†
VZUZR~v)δ
R
i (δ
S
j )
∗δUk (δ
V
l )
∗ + g2(δikδj∗l∗ + δij∗δkl∗ + δil∗δkj∗), (1.19)
where we have defined v2
def
= ~v†~v, f1
def
= f ′(v2), f2
def
= f ′′(v2) etc. and a constant g by
g2
def
= f2 v
2. (1.20)
We express complex scalar fields by ϕi(x) = Ai(x) + iBi(x), where Ai(x) and Bi(x)
are real scalar fields. In maximal realization cases, Ai(x) and Bi(x) are NG and
QNG bosons, respectively. In the real basis of Ai and Bi, the Ka¨hler condition on
the curvature tensor becomes

RAiAjAkAl = RBiBjBkBl = RAiAjBkBl = RBiBjAkAl,
RBiAjBkAl = RAiBjAkBl = −RBiAjAkBl = −RAiBjBkAl,
RBiAjAkAl = −RAiBjAkAl = −RAiBjBkBl = RBiAjBkBl ,
RAiAjBkAl = −RAiAjAkBl = −RBiBjAkBl = RBiBjBkAl.
(1.21)
We can calculate real components of the curvature tensor (at symmetric points),
which are directly related with low-energy scattering amplitudes, given by
RAiAjAkAl = f
2
pifRS
MfMUV δ
R
i δ
S
j δ
U
k δ
V
l ,
RBiAjBkAl = −f1~v †(ZS{ZV , ZU}ZR + ZR{ZV , ZU}ZS)~v δRi δSj δUk δVl
−4g2(δikδjl + δilδkj + δijδkl),
RBiAjAkAl = RAiAjBkAl = 0, (1.22)
where we have defined f 2pi
def
= 2f1v
2. We thus obtain low-energy (O(p2)) scattering
amplitudes of the NG and QNG bosons, by substituting Eqs. (1.22) and (1.21) to
Eq. (1.3). We conclude that, at a symmetric point, there exist low-energy theorems
of amplitudes which include only the NG bosons, where higher derivatives of the ar-
bitrary function cancel out, and they coincide with scattering amplitudes among NG
bosons in non-supersymmetric theories on a symmetric space G/H (see Eq. (1.7)).
Amplitudes among only the QNG bosons coincide with those of the corresponding
NG bosons by the Ka¨hler conditions (1.21). Amplitudes for even number of the NG
and QNG bosons depend on the second derivative of the arbitrary function.
We would like to generalize these results to low-energy theorems at general
points. At non-symmetric points, some of the QNG bosons turn to NG bosons,
corresponding to the fewer unbroken symmetry.
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2 Non-symmetric points and supersymmetric vac-
uum alignment
In the last section we have discussed low-energy theorems of NG and QNG bosons
at a symmetric point. In supersymmetric low-energy theories, there can exist points
with smaller unbroken symmertry in the same vacuum manifold, as a result of the
supersymmetric vacuum alignment. In this section we discuss how this phenomenon
occurs.
2.1 Non-symmetric points
In maximal realizations, the number of the QNG bosons is equal to that of QNG
bosons at symmetric points. If we leave from the symmetric point by a G-action
as ~v ′ = g~v (g ∈ G), they are also symmetric points and the unbroken symmetry
remains unchanged : H ′ = gHg−1 ≃ H . The Ka¨hler potential, the metric and
the curvature tensor do not change and the low-energy theorems do not change
either. All of them are equivalent vacua. The full target manifold is, however,
constructed by GC-actions on ~v. If we move to another vacua by a GC-action, the
unbroken symmetry H varies depending on the choice of vacuum. A GC-action on
the symmetric point ~v is
~v ′ = g0~v, g0 ∈ GC . (2.1)
Complex unbroken subgroups at ~v and ~v ′, defined by
Hˆ~v = ~v, Hˆ ′~v ′ = ~v ′ , (2.2)
are related by
Hˆ ′ = g0Hˆg0
−1 ≃ Hˆ : KM ′ = g0KMg0−1 . (2.3)
In this sense, the complex unbroken generators are equivalent at any point on the
manifold . Complex broken generators are also related by
GC − Hˆ′ = g0(GC − Hˆ)g0−1 : ZR′ = g0ZRg0−1 . (2.4)
Since GC-orbits of ~v and ~v ′ are homeomorphic to each other
GC/Hˆ ≃ GC/Hˆ ′ , (2.5)
the transformation of GC is just an automorphism on the target manifold. To be
precise, (bosonic part of) the representatives of the complex cosets
ξ = exp(iϕRZR) ∈ GC/Hˆ, ξ′ = exp(iϕ′RZR′) ∈ GC/Hˆ ′ (2.6)
6
GC
e
g 0
1
Hˆ
GC /Hˆ
hˆ
1
GCHˆ
GC/ Hˆ
e
g 0
1
g0
1
Figure 1
The complex unbroken symmetry Hˆ is transformed to Hˆ ′ in GC. The coset representatives of
GC/Hˆ, ξ, which is expressed by a horizontal curve, are transformed to a broken curve by a right
action of g−1
0
. To get transformed representatives of GC/Hˆ ′, ξ′, we need a local Hˆ ′ compensator
from the right.
are related by a right action of GC through the relation
ξ~v = ξg−10 · g0~v =
[
ξg−10 hˆ
′−1(ξ, g0)
]
~v ′ = ξ′~v ′ , (2.7)
as
ξ′ = ξg−10 hˆ
′−1(ξ, g0), hˆ
′ ∈ Hˆ ′ . (2.8)
This relation is sketched in Fig. 1.
We can summarize these facts as follows: Suppose we choose a coordinate system
whose origin is a symmetric point ~v, and move to a non-symmetric point by an action
of g0 and define a new coordinate system whose origin is g0~v. Then, unless g0 belongs
to the isometry G of the metric, the origin of the new coordinate system ϕ′ is no
longer a symmetric point. The right action (2.8) can be written explicitly as
eiϕ
′·Z′ = eiϕ·Zg0
−1e−iu
′(ξ,g0)·K ′, hˆ′ = eiu
′(ξ,g0)·K ′ ∈ Hˆ ′ , (2.9)
where u′ is a function of g0 and ϕ. It can be rewritten as
eiϕ
′·Z = g0
−1eiϕ·Ze−iu
′(ξ,g0)·K , eiu
′(ξ,g0)·K ∈ Hˆ, (2.10)
and if g0 is restricted in G, it reduces to the ordinary left action (1.14). The right
action does not change the Ka¨hler potential from Eq. (2.7),
~v†ξ†ξ~v → ~v ′†ξ′†ξ′~v ′ = ~v†ξ†ξ~v. (2.11)
We should again emphasize that this is just a coordinate transformation from the co-
ordinate whose origin is a symmetric point ~v to one whose origin is a non-symmetric
point ~v ′, but not a symmetry.
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HˆG
GC
Hˆ
H H
g0
K
Figure 2
The large circle indicates the group G. The small circles denote the complex subgroups Hˆ and Hˆ ′.
Hˆ ′ is the transform of Hˆ by g0. The real subgroups H or H
′ are defined as intersections of G and
Hˆ or Hˆ ′. K is the image of H by the g0 transformation. In general H
′ is a subset of K.
2.2 Supersymmetric vacuum alignment
This subsection is devoted to an another interpretation, in terms of the group theory,
about phenomena discussed in the last subsection, and then can be skipped. The
compact subgroup G is called a real form of GC. The operation of ∩G on the
complex algebra GC or its subalgebra picks up Hermitian generators. The real
unbroken symmetry at the vacuum ~v is defined by
H = Hˆ ∩G, (2.12)
and at the vacuum ~v ′ by
H ′ = Hˆ ′ ∩G 6= H, (H ′) ⊂ (H), (2.13)
where ( · ) denotes an equivalence class by the G action: (H) = {gHg−1|g ∈ G}.
Hence, at the non-symmetric point, the unbroken symmetry group becomes smaller
than at the symmetric point [11, 17, 18, 13]. This phenomenon is called the “super-
symmetric vacuum alignment”. It comes from the different embedding of Hˆ in GC
as in Fig. 2.6 In the case of Hˆ ′, K
def
= g0Hg
−1
0 (≃ H) is not a subgroup of G, and
the real unbroken symmetry is K ∩ G = H ′ ( 6= H). At the non-symmetric point,
the generators K − H′C (∩ G = φ) are not Hermitian generators. We call them
“pseudo-Borel generators”.7 We show in the following sections that they correspond
to NG bosons that appear at the non-symmetric point where the unbroken symme-
try becomes smaller. The (real) G-orbits of ~v and ~v ′ are G/H and G/H ′ ( 6= G/H),
6 BKMU called the embedding corresponding to ~v and ~v ′ the “natural embedding” and the
“twisted embedding”, respectively [6]. However they discussed the natural embedding only. Kotch-
eff and Shore called ~v and ~v ′ the “symmetric embedding” and the “non-symmetric embedding”,
respectively, since they discussed the case when G/H is a symmetric space and G/H ′ is a non-
symmetric space [11].
7 A Borel algebra B (∈ Hˆ) is defined as an algebra which satisfies, [H,B] ⊂ B. Since K −H′C
does not satisfy this condition, it is not a Borel subalgebra.
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respectively. They are compact submanifolds of GC/Hˆ and parametrized by the
NG bosons. Other directions of the total target space GC/Hˆ are non-compact and
correspond to the QNG bosons.
3 NG coset subspaces
In this section, we discuss geometric structures of complex coset manifolds. To be
specific we treat an simple example, the O(N) model, but generalizations to other
models are straightforward.
3.1 Typical example : O(N) model
In this subsection, we discuss the simplest example, the O(N)-model, where the
vacuum ~v is in the vector representation of G = O(N): ~v ∈ V = RN [13]. We can
complexify the O(N) group by replacing the real vector with the complex vector:
V → V C = CN . The generators of the O(N) group are
(Tij)
k
l
=
1
i
(δi
kδjl − δjkδil) =

 i−i

 , (3.1)
where only (i, j) and (j, i) elements are non-zero. They satisfy commutation relations
and normalization conditions
[ Tij, Tkl ] = −i(δjkTil − δikTjl − δjlTik + δilTjk),
tr(TijTkl) = 2(δikδjl − δilδjk). (3.2)
For later convenience, we define
Xi
def
= TNi , Xi
′ def= TN−1,i′ , XN−1
def
= TN,N−1 (i, i
′ = 1, · · · , N − 2) . (3.3)
Let us classify the real and complex generators at 1) a symmetric point and 2)
a non-symmetric point.
1) Symmetric points.
The vacuum vectors of symmetric points can be transformed by a G-action to
~v =


0
...
0
v

 . (3.4)
We can immediately find a) the real unbroken algebra and b) the complex unbroken
algebra.
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1-a) Real unbroken Lie algebra.
Hermitian unbroken generators are (N − 1)× (N − 1) matrices which act the first
N − 1 components of (3.4), and others are broken generators:
G =

 H ∗
∗ 0

 , (3.5)
where “∗” denote Hermitian broken generators. The Hermitian broken generators
are of the form
Xi = TNi =


...
. . . i
...
· · · −i · · · 0


∈ G −H (i = 1, · · · , N − 1), (3.6)
where dots denote zero components and only i-th elements are nonzero. Thus the
symmetry breaking pattern at symmetric points is G = O(N) → H = O(N − 1).
A real target manifold, parametrized by NG bosons for this breaking, is a compact
homogeneous manifold O(N)/O(N − 1) ≃ SN−1.
1-b) Complex unbroken Lie algebra.
To discuss the full target manifold, we must discuss by the comlexification of G.
By the complexification, however, no new generator appears that leave the vacuum
expectation value invariant at the symmetric point. Broken and unbroken generators
are simply {
ZR = Xi ∈ GC − Hˆ,
KM = Ha ∈ Hˆ.
(3.7)
All ZR are Hermitian generators. Chiral superfields, whose bosonic parts are coset
coordinates, proportional to Hermitian generators are called the “mixed-type super-
field”. A real part of a mixed type superfield is a NG boson while an imaginary part
corresponds to a QNG boson. Since numbers of the NG and QNG bosons are both
N − 1 in this case, this nonlinear realization is called the maximal realization.
2) Non-symmetric points.
We discuss the symmetry breaking in general points. We move the vacuum expec-
tation value ~v to ~v ′ by the following element of GC:
g0 = exp(iθXN−1)
=


1 0
cos θ − sin θ
0 sin θ cos θ

 =


1 0
cosh θ˜ −i sinh θ˜
0 i sinh θ˜ cosh θ˜

 ∈ GC , (3.8)
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where θ
def
= iθ˜ is a pure imaginary angle. Although we have chosen the rotation
by XN−1, rotations by other broken generators are equivalent, since they can be
transformed by an action of G to each other. Then the vacuum vector at the non-
symmetric points can be written, without loss of generality, as
~v ′ = g0~v =


0
...
0
−iv sinh θ˜
v cosh θ˜


=


0
...
0
α
β


, (3.9)
where we have defined{
β
def
= v cosh θ˜ : real
α
def
= −iv sinh θ˜ : pure imaginary, (3.10)
and these satisfy β2+α2 = v2. By these constants, g0 and its inverse can be written
as
g0 =


1 0
β/v α/v
0 −α/v β/v

 , g0−1 =


1 0
β/v −α/v
0 α/v β/v

 . (3.11)
The magnitudes of vacuum expectation values are
~v ′†~v ′ = β2 − α2 = β2 + α˜2 def= v′2 , (3.12)
~v′2 = ~v2 = β2 + α2 = β2 − α˜2 = v2 . (3.13)
We can find from Eq. (3.9) that the non-compact directions are hyperbolic as in
Fig. 3. The full target space is a spheroidal hyperboloid and the compact coset G/H
is embedded in the symmetric point. (The compact coset G/H ′, at non-symmetric
point, is discussed in the next subsection.)
Let us discuss real and complex Lie algebras at non-symmetric points.
2-a) Real Lie algebra.
At non-symmetric points, the whole generators can be divided into real unbroken
algebra H′ and real broken generators as
G =


H′ ∗ ∗
∗ 0 ∗
∗ ∗ 0


, (3.14)
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G/H
G/ H
v
v
GC / Hˆ
Im V N 1
Re V 1, ,Re V N 1
Re V N
Figure 3
The vertical axis is a real part of V N , other real parts are written as the axis to this side and
the right axis is an imaginary part of V N−1, parametrized by α˜. The NG coset manifold at the
symmetric point, G/H , is written as a vertical circle of a radius v, at the center. The NG coset
manifold at the non-symmetric point, G/H ′, is written as two vertical circles of a radius β, and
both circles are connected, by a G action, through other imaginary directions of V . (See also
Fig. 4, below.)
where “∗” denote broken generators. The broken generators can be written explicitly
as
Xi
′ =


...
...
. . . i 0
...
...
· · · −i · · · 0 0
· · · 0 · · · 0 0


, Xi =


...
...
. . . 0 i
...
...
· · · 0 · · · 0 0
· · · −i · · · 0 0


,
XN−1 =


. . .
...
...
· · · 0 i
· · · −i 0


∈ G −H′ (i = 1, · · · , N − 2) , (3.15)
where dots denote zero components, and non-zero elements in the first two equations
are i-th components. The symmetry breaking pattern at non-symmetric points turns
out G = O(N) → H ′ = O(N − 2), which is smaller than symmetric points. A real
target manifold, parametrized by NG bosons, is a compact homogeneous manifold
G/H ′ = O(N)/O(N − 2), which is larger than one of the symmetric point, G/H .
(See Fig. 3.) Namely we have more NG bosons at non-symmetric points than at
symmetric points. These newly emerged NG bosons must come from the QNG
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bosons, since the dimension of the full target manifold has to be unchanged. There
is only one QNG boson because the number of the NG bosons is 2N − 3 (and
the total number is 2N − 2). In the next subsection, we show how these different
compact coset manifolds are embedded in the full manifold and how some of the
QNG bosons change to the NG bosons at non-symmetric points. Before doing it,
we investigate the complex symmetry at non-symmetric points, which give us the
key point to understand such phenomena.
2-b) Complex Lie algebra.
Complex broken and unbroken generators at non-symmetric points ~v ′ can be imme-
diately calculated by using Eqs. (2.4) and (2.3), to yield
ZR
′ = g0ZRg
−1
0
=

 g0Xig
−1
0 =
α
v
Xi
′ + β
v
Xi
def
= ZI
′
g0XN−1g
−1
0 = XN−1
def
= Z ′N−1
∈ GC − Hˆ′ , (3.16)
KM
′ = g0KMg
−1
0
=
{
g0X
′
ig
−1
0 =
β
v
Xi
′ − α
v
Xi
def
= BI
′
g0Ha
′g−10 = Ha
′ ∈ H′ ∈ Hˆ
′ , (3.17)
where ZI
′ and BI
′ (I ′ = 1, · · · , N − 2) can be explicitly written as
ZI
′ =


...
...
. . . iα/v iβ/v
...
...
· · · −iα/v · · · 0 0
· · · −iβ/v · · · 0 0


,
BI
′ =


...
...
. . . iβ/v −iα/v
...
...
· · · −iβ/v · · · 0 0
· · · iα/v · · · 0 0


. (3.18)
We can classify these broken generators to pure-types or mixed-types as follows.
First of all, the broken generator ZN−1
′ corresponds to a mixed-type superfield,
since ZN−1
′ is a Hermitian generator. A real and a imaginary parts of a scalar
component of a chiral superfield generated by ZN−1
′ is a NG boson and a QNG
boson, respectively. On the other hand, all other generators ZI
′ generate pure-type
chiral superfields, where both scalar components are NG bosons, since they are
non-Hermitian generators.
We can count numbers of the NG and QNG bosons as 2N−3 and 1, respectively,
without using the fact that the total number of the NG and QNG bosons does not
change.
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3.2 Embedding of NG cosets G/H and G/H ′
In this subsection, we show how the different cosets 1) G/H and 2) G/H ′ are
embedded into symmetric and non-symmetric points by using the Shore’s proce-
dure [15, 11]. We can obtain coset representatives of NG bosons G/H (G/H ′) by
putting all QNG bosons zero in the complex representative ξ of the full complex
coset GC/Hˆ, at symmetric (non-symmetric) points. In the cases when there are
pure-type superfields, we need a local Hˆ-transformation from the right.
1) Embedding of G/H at symmetric points.
Since we do not need a local Hˆ-transformation, we can obtain the representative of
G/H by simply putting all QNG bosons zero [11]:
ξ|QNG=Bi=0 = eiφ·X ∈ G/H , (3.19)
where fields φ = {Ai} (i = 1, · · · , N − 1) are NG bosons at symmetric points.
2) Embedding of G/H ′ at non-symmetric points.
The representative of the complex coset at non-symmetric points is
ξ(ϕ) = eiϕ·Z
′
= exp i
[
ϕi
(
β
v
Xi +
α
v
Xi
′
)
+ ϕN−1XN−1
]
∈ GC/Hˆ ′ , (3.20)
where we have used a character ϕ as a coordinate. Since there are pure-type broken
generators ZI
′, we need a local Hˆ-transformation
ζ ′(ϕ, ϕ∗) = exp(id(ϕ, ϕ∗) ·B′) ∈ Hˆ ′ (3.21)
from the right:
ξ(ϕ)→
ξˆ(Aˆ, Bˆ) = ξ(ϕ)ζ ′(ϕ, ϕ∗)
= exp i
[
ϕˆi
(
β
v
Xi +
α
v
Xi
′
)
+ dˆi(ϕˆ, ϕˆ∗)
(
−α
v
Xi +
β
v
Xi
′
)
+ ϕˆN−1XN−1
]
= exp i
[
aiXi + b
iXi
′ + (AˆN−1 + iBˆN−1)XN−1
]
, (3.22)
where ϕˆi = Aˆi + iBˆi are transformed fields whose relation to ϕ is obtained below,
Eq. (3.28), dˆi is a function of ϕˆ and ϕˆ∗ whose relation to di is also obtained below,
Eq. (3.27), and ai and bi are scalar fields. We can chose the function dˆ (or d) such
that scalar fields a and b become real:
dˆi(ϕˆ, ϕˆ∗) = − i
2α˜β
(v′2ϕˆi − v2ϕˆ∗i), ai = Aˆi v
β
, bi = Bˆi
v
α˜
. (3.23)
Since real scalar fields Aˆi and Bˆi are proportional to Hermitian generatorsXi andX
′
i,
respectively in the exponential, they parameterize compact directions of the target
manifold. This is why both Aˆi and Bˆi are NG bosons, and Φˆi can be considered
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pure-type superfields. On the other hand, since AˆN−1 and BˆN−1 are proportional
to Hermitian and anti-Hermitian generators on the exponential, they parameterize
compact and non-compact directions of the target space, respectively. Hence AˆN−1
and BˆN−1 are NG and QNG bosons, and then ΦˆN−1 is a mixed-type superfield.
Then the superfields Φi and ΦN−1, before the Hˆ-transformation, turn out to be
pure-type and mixed-type superfields, respectively, since they coincide with Φˆi and
ΦˆN−1 at the linear order, as shown below, Eq. (3.28).
We can obtain the real representative of the coset G/H ′ by putting all QNG
bosons zero:
ξˆ|QNG=BˆN−1=0 = eiφ
′·X ∈ G/H ′ , (3.24)
where fields φ′ = {ai, bi, AˆN−1} are NG bosons at non-symmetric points. To under-
stand why the compact coset manifold G/H ′ at non-symmetric points is larger than
G/H at symmetric points, see Figs. 4 and 5. At symmetric points, there are N − 1
non-compact directions, while they change to one non-compact direction and N − 2
compact directions parametrized by newly emerged NG bosons.8
Next we obtain the relation of the fields ϕ and ϕˆ (or Φ and Φˆ). In general, the
first equation of Eq. (3.22) can be written explicitly as
eiϕ·Zeid(ϕ,ϕ
∗)·K = ei(ϕˆ·Z+dˆ(ϕˆ,ϕˆ
∗)·K), ζ ′(ϕ, ϕ∗) = eid(ϕ,ϕ
∗)·K ∈ Hˆ ′ , (3.25)
where d is a function of ϕ and ϕ∗. By using the Baker-Campbell-Hausdorff formula
on the left-side, we obtain relations
ϕˆR = ϕR +
1
2
fMS
RϕSdM + · · · , (3.26)
dˆM = dM +
1
12
fNR
TfTS
MϕRϕSdN + · · · . (3.27)
Note that we have used only the fact that GC/Hˆ is a symmetric space, and the result
is model-independent. By these equations, two coordinates ϕˆ and ϕ are related by
ϕˆ = ϕ+O(ϕ2, ϕϕ∗), (3.28)
and coincide to each other at the first order.9 This is why Φ and Φˆ coincide to each
other at the linear level and their identifications to pure- or mixed-type superfields
coincide.
8 We give a comment on the NG submanifold at non-symmetric points, G/H ′. It can be
considered as a H/H ′ ≃ SN−2 fiber bundle over a base manifold, G/H ≃ SN−1. By bringing ~v ′
to ~v, the fiber shrinks but the base remains at finite size (radius v).
9 Note that this transformation is not holomorphic and so the complex structures of the two
coordinates ϕ and ϕˆ are different. For our purpose to calculate low-energy theorems, the difference
can be neglected because the curvature tensors in both coordinates coincide at ϕ = 0.
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G/H
G/H
v
v
GC / Hˆ
Im VN 1
Im V 1, ,Im V N 2
ReV 1, ,ReV N
Figure 4
In Fig. 4, the imaginary directions of V are written as a horizontal plane, and real directions are
written as a vertical line. G/H is written as a segment at the center and G/H ′ is written as a
cylinder enclosing the G/H . Newly emerged NG bosons are written as a horizontal circle of a
radius α˜, which is just a H-orbit of the non-symmetric vacuum ~v ′.
ImV N 1
Im V1, , Im V N 2
NG
QNG QNG
QNG
v
v
Figure 5
View from the top of Fig. 4. It can be seen that most of QNG bosons at the symmetric point
change to newly emerged NG bosons at the non-symmetric point, with the total number of massless
bosons been unchanged.
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4 Low-energy theorems at general points
In this section, we discuss low-energy theorems at non-symmetric points. We elab-
orate on the O(N) model as an example, but generalizations to other models are
straightforward.
4.1 Some formula for the O(N) model
Before discussing low-energy theorems, we give comments for a “linear” description
of the model. The invariant Lagrangian can be written as
L =
∫
d4θ~φ†~φ+
(∫
d2θW (φ) + (conj.)
)
, (4.1)
where ~φ(x, θ, θ¯) consists of chiral superfields belonging to a linear representation of
G. W (φ) is a G-invariant superpotential, and it is actually GC-invariant due to its
holomorphy. For the O(N) model, its candidate is
W (φ) = gφ0(~φ
2 − a2) , (4.2)
where φ0 is an additional G-singlet field and g is a coupling constant. φ0 tends to
a non-dynamical auxiliary field in the heavy mass limit (g → ∞). In this limit
we can eliminate φ0 by its equation of motion, which gives an F-term constraint
among dynamical fields φi. For the O(N) model, the constraint is ~φ 2− a2 = 0. The
Ka¨hler potential may suffer from a quantum correction, with preserving the global
symmetry G. We thus obtain a nonlinear Ka¨hler potential for NG chiral superfields,
K(Φ,Φ†) = f(~φ †~φ)|F = f(~v†ξ†ξ~v) , (4.3)
where F denotes an F-term constraint. We have used a relation between linear
superfields and NG superfields, ~φ|F = ξ~v. This recovers Eq. (1.15).
If we restrict the problem to the O(N) model, geometric quantities can be cal-
culated by solving the constraint ~φ2 = a2 explicitly as φN =
√
a2 −∑N−1i=1 (φi)2.
However we discuss in the coset formalism which can be generalized to other models
straightforwardly.
To obtain geometric quantities in the coset formalism, we need expectation values
of broken generators, sandwiched by the vacuum vector ~v ′. Let us calculate them
first. We use indices R, S, · · · = 1, · · · , N − 1 and I, J, · · · = 1, · · · , N − 2. We omit
primes except for ~v′. By noting that ZN−1
† = ZN−1 and ZI
† 6= ZI , we calculate
products of one complex generator on vacuum expectation values, given by
ZI ~v
′ =


0
...
iv
...
0


, ZN−1 ~v
′ =


0
...
...
iβ
−iα


, ZI
† ~v ′ =
v′2
v2


0
...
iv
...
0


, (4.4)
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where the I-th elements are nonzero in the first and the third equations. Products
of two complex generators on vacuum expectation values are also given by
ZRZS ~v
′ = δRS~v
′, ZI
†ZJ ~v
′ = δI∗J~v
′∗ ,
ZI
†ZN−1 ~v
′ =
c2
v′2
ZI
† ~v ′, ZN−1ZI
† ~v ′ = 0 , (4.5)
where we have defined c2
def
= 2
√
v′ 4 − v4 = 2α˜β. We define convenient notations
〈R · · · 〉 def= ~v ′†ZR · · ·~v ′, R† def= ZR†. (4.6)
Then expectation values of one to four generators can be calculated, to yield
〈I〉 = 0, 〈N − 1〉 = c2 ,
〈RS〉 = v′2δRS , 〈I†J〉 = v2δI∗J ,
〈IJK〉 = 0, 〈I†JK〉 = 0 ,
〈N − 1, IJ〉 = c2δIJ , 〈IJ,N − 1〉 = 0 ,
〈 ∗ I, N − 1〉 = 0 , 〈∗, N − 1, I〉 = 0 ,
〈I, N − 1, N − 1〉 = 0 , 〈I†, N − 1, N − 1〉 = 0 ,
〈N − 1, I, N − 1〉 = 0 , 〈N − 1, N − 1, N − 1〉 = c2 ,
〈R†S†UV 〉 = v′2δR∗S∗δUV , (4.7)
where “∗” denotes an arbitrary generator. These quantities are needed for the cal-
culation of the curvature tensor. They can be generalized to other models straight-
forwardly.
4.2 Geometric quantities and low-energy theorems
We can calculate geometric quantities of the O(N) model by using the formulas
obtained in the last subsection. In this section, we consider the most simple Ka¨hler
potential, K = f(x) = x. The general case is discussed in Appendix B.
First of all the metric is given by (we omit prime on ZR)
gij∗ = ∂i∂j∗K = GRS∗E
R
i (E
S
j )
∗, GRS∗ = ~v
′†ZS
†ξ†ξZR~v
′, (4.8)
where GRS∗ is called an auxiliary metric. The auxiliary metric at the point ϕ = 0
becomes
GRS∗|ϕ=0 = 〈S†R〉 =
(
v2δIJ∗ 0
0 v′2
)
. (4.9)
A vielbein and a Hˆ-connection at the point ϕ = 0 are given by
ERi |ϕ=0 = δRi , WMi |ϕ=0 = 0, (4.10)
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respectively, and the differentiation of the vielbein with respect to the coordinate
can be calculated, to yield
∂jE
R
i |ϕ=0 = 0 . (4.11)
Let us calculate a complex curvature
Rij∗kl∗ = ∂i∂j∗∂k∂l∗K − gmn∗(∂j∗∂m∂l∗K)(∂i∂k∂n∗K) , (4.12)
which is crucial to low-energy theorems. The complex curvature on the origin ϕ = 0
of GC/Hˆ can be calculated by Eq. (4.7), to yield
Rij∗kl∗|ϕ=0 = [〈S†V †UR〉 −GXY ∗|ϕ=0〈X†SV 〉∗〈Y †RU〉]δRi (δSj )∗δUk (δVl )∗
=
v4
v′2
δikδj∗l∗ . (4.13)
The first line is for general symmetric manifolds GC/Hˆ with one vacuum expectation
value, and the second line is for the O(N) model. If we rescale fields so that the
metric (4.9) becomes the Knonecker’s delta, components of the curvature tensor
become
Rij∗kl∗|ϕ=0 =


1/v′2δikδj∗l∗ when i, j, k, l = 1, · · · , N − 2,
v2/v′4δikδj∗l∗ when only two indices are N − 1-th,
v4/v′6δikδj∗l∗ when i, j, k, l = N − 1.
(4.14)
From these equations, we can calculate real components of the curvature in the
rescaled coordinate given by (i, j, k, l = 1, · · · , N − 2)
RAiAjAkAl = 2
1
v′2
(δikδjl − δilδjk),
RBiAjBkAl = −2
1
v′2
(δikδjl + δilδjk),
RBiAjAkAl = RAiAjBkAl = 0,
RAN−1AjAN−1Al = 2
v2
v′4
δjl,
RAN−1AN−1AkAl = 0,
RBN−1AjBN−1Al = −2 v
2
v′4
δjl,
RBN−1AN−1BkAl = 0,
RBN−1AN−1BN−1AN−1 = −4 v
4
v′6
, (4.15)
where all quantities are evaluated at ϕ = 0.
Let us discuss low-energy theorems. As discussed in Appendix A, components of
the curvature tensor in an arbitrary coordinate and in normal coordinates coincide
to each other in this order. Hence, by substituting these equations to Eq. (1.7), we
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can obtain low-energy theorems for two-body scattering amplitudes among NG and
QNG bosons at general points of target spaces.
At the symmetric point, v′ = v, all coefficients become 1
v2
. There, all Ai and
AN−1 fields are NG bosons of the symmetry breaking, O(N) to O(N−1), and we can
verify that their scattering amplitudes satisfy low-energy theorems from a equation,
fij
afakl = (δikδjl − δilδjk). Their decay constant is fpi = v. All B fields correspond
to QNG bosons and their low-energy theorems coincide with those of NG partners
as discussed in Sec. 1 and Ref [14].
At the non-symmetric point, there appear new features of low-energy theorems
for NG and QNG bosons. The unbroken symmetry O(N − 1) at symmetric points
further breaks down to O(N − 2), and Bi (i = 1, · · · , N − 2) change to NG bosons
for the second breaking of O(N − 1) to O(N − 2). From the first equation of (4.15)
and RBiBjBkBl = RAiAjAkAl, we can verify that low-energy theorems for B
i(i =
1, · · · , N − 2) coincide with those of NG bosons of the second symmetry breaking,
O(N − 1) to O(N − 2). Low-energy theorems among Ai and AN (at symmetric
points) for the first breaking of O(N) to O(N−1) are distorted there, since the field
AN−1 becomes to play a special role.
Before closing this section, we give a comment on a relation between NG bosons
at non-symmetric points in a supersymmetric theory and NG bosons in a non-
supersymmetric theory. In a non-supersymmetric theory with spontaneously broken
O(N) symmetry to a subgroup O(N−2), two sets of linear fields ~φ1 and ~φ2, belonging
to the vector representation, should have vacuum expectation values. The broken
generators are
G −H =


0 f (1)pi f
(2)
pi
f (1)pi f
(3)
pi
f (2)pi f
(3)
pi


, (4.16)
where we have expressed three H-irreducible sectors of broken generators by decay
constants f (i)pi (i = 1, 2, 3) of NG bosons corresponding to these generators.
10 These
three free parameters in the non-supersymmetric theory are reduced to two param-
eters, v and v′, to be embedded into a bosonic part of a supersymmetric theory.
This is because there exist N − 2 pure-type multiplets and they relate two decay
constants, f (1)pi and f
(2)
pi , in Eq. (4.16). This was known at least in pure-realization
cases, where there exist only pure-type multiplets [8].
10 Since there are two vacuum expectation values ~v1 =
〈
~φ1
〉
, ~v2 =
〈
~φ2
〉 ∈ N to break O(N) to
O(N − 2), these three sectors correspond to three G-invariants, ~v 2
1
, ~v 2
2
, ~v1 · ~v2.
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5 Conclusion and discussion
If a global symmetry spontaneously breaks in supersymmetric theories, there appear
NG and QNG bosons and their fermions superpartners. The low-energy effective
Lagrangian for these fields can be constructed as supersymmetric nonlinear sigma
models. If symmetry breaking occur by a superpotential of a fundamental of an
effective field theories, there must appear at least one QNG boson. Hence the tar-
get manifold inevitably becomes non-compact. As a result, supersymmrtic vacuum
alignment occur; NG and QNG boson can change with the total number preserved.
This has been understood by different embedding of Hˆ into GC. Low-energy theo-
rems of two-body scattering amplitudes for these bosons was known at symmetric
points.
In this paper, we have calculated low-energy theorems for NG and QNG bosons at
general points. We have found new features of low-energy theorems. In a theory with
the supersymmetric vacuum alignment, symmetry breaking occurs twice (or more
times for other models). The low-energy theorems for the first breaking at symmetric
points have been distorted at non-symmetric points; on the other hand, low-energy
theorems for the second breaking coincide with non-supersymmetric cases. This is
because one (or some for other models) NG boson must sit in mixed-type multiplet,
and play a special role in the sense that its partner is QNG boson.
Although we have illustrated the low-energy theorems at non-symmetric points
in the O(N)-model with the simplest (linear) Ka¨hler potential, generalizations to
more complicated models are straightforward. (The calculation in the most general
Ka¨hler potential of the O(N)-model is discussed in Appendix B.) Consider the case
that there are n GC-invariants and m G-invariants. (In the O(N)-model, they are
m = n = 1, since there is one GC-invariant, ~φ 2, and one G-invariant, |~φ|2.) The
low-energy effective Ka¨hler potential can be written as an arbitrary function of m
G-invariants [13]. We can count parameters included in low-energy theorems of
two-body scattering amplitudes. Since curvature tensor includes from one to four
derivatives of the arbitrary function, there are certain numbers of the parameters
concerned with the arbitrary function. Therefore the low-energy theorems include
these parameters. As seen in this paper, in the case of O(N) model, there were six
parameters v, v′, f1, f2, f3, f4 (see Appendix B).
Although we have investigated two-body scattering amplitudes, a generalization
to many-body scattering amplitudes can be calculated by using the Ka¨hler normal
coordinate to the desired order [19]. An interaction Lagrangian can be written by
the curvature tensor, covariant derivatives of the curvature tensor etc. If we calculate
n-body scattering amplitudes, it contains from one to n derivatives of the arbitrary
function.
We have investigated only low-energy theorems, namely low-energy scattering
amplitudes at the leading order O(p2). It is interesting, for a development of su-
persymmetric chiral perturbation theories, to investigate higher derivative terms
such as next-to leading terms O(p4) [20]. At such order, we need a supersymmetric
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Wess-Zumino-Witten term [21], which correctly reproduces anomalies of the global
symmetry (we did not need it at the lowest order).
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A Ka¨hler normal coordinate expansion
In this appendix, we show that the Ka¨hler normal coordinate can be always obtained
from general coordinates by a holomorphic coordinate transformation preserving the
curvature tensor up to a constant order. The systematic method to obtain the Ka¨hler
normal coordinate to an arbitrary order is discussed in Ref. [19].
Let {zi, z∗i} are the general coordinate. We expand the Ka¨hler potential by the
Taylor expansion as
K(z, z∗) = K|0 + F (z) + F ∗(z∗)
+gij∗|0 ziz∗j + 1
2
Γi∗jk|0 z∗izjzk + 1
2
Γij∗k∗|0 ziz∗jz∗k
+
1
4
(Rij∗kl∗ + gmn∗Γ
m
ikΓ
n∗
j∗l∗)|0 zizkz∗jz∗l
+
1
6
∂kΓl∗ij|0 zizjzkz∗l + 1
6
∂k∗Γli∗j∗|0 z∗iz∗jz∗kzl +O(z5), (A.1)
where
F (z) = ∂iK| zi + 1
2
∂i∂jK| zizj + · · · (A.2)
is holomorphic and can be eliminated by a Ka¨hler transformation. Here Γijk is the
connection and Rij∗kl∗ is the curvature tensor of the Ka¨hler manifold [22]. There
are many non-covariant coefficients except for gij∗ and Ri∗jk∗l. To eliminate them
note that Eq. (A.1) can be written as
K(z, z∗)
= K|0 + F (z) + F ∗(z∗)
+gmn∗(z
m +
1
2
Γijk|zjzk + 1
6
∂kΓ
m
ij|zizjzk)(zn + 1
2
Γijk|zjzk + 1
6
∂kΓ
n
ij|zizjzk)∗
+
1
4
Ri∗jk∗l|z∗iz∗kzjzl +O(z5). (A.3)
By a holomorphic coordinate transformation
ωi = zi +
1
2
Γijk|zjzk + 1
6
∂lΓ
i
jk|zjzkzl +O(z4), (A.4)
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it can be rewritten as
K(ω, ω∗) = K|+ F˜ (ω) + F˜ ∗(ω∗) + gij∗|ωiω∗j + 1
4
Ri∗jk∗l|ω∗iω∗kωjωl +O(ω5),(A.5)
where F˜ (ω)
def
= F (z(ω)). The new coordinate ω is the Ka¨hler normal coordinate to
the forth order. In this coordinate, all coefficients are covariant quantities.
By performing these transformations in the superfield level, we obtain a Ka¨hler
normal coordinate expansion of the Lagrangian given by [19]
L = gij∗|ϕ=0 ∂µϕi∂µϕ∗j + igij∗|ϕ=0 ψ¯j σ¯µ∂µψi
+ Rij∗kl∗|ϕ=0 ϕkϕ∗l∂µϕi∂µϕ∗j + 1
4
Rij∗kl∗|ϕ=0 ψiψkψ¯jψ¯l
+ iRij∗kl∗|ϕ=0 ϕ∗j∂µϕi(ψ¯lσ¯µψk). (A.6)
which has been used to calculate the low-energy theorems. First two terms are
equation terms for bosons and fermions, and others can be considered interaction
terms. (Although we concentrate on bosonic amplitudes in this paper, we can also
obtain low-energy theorems including fermion partners of NG and QNG bosons by
using this expansion.)
Next let us discuss a relation between the curvature tensor in an arbitrary coor-
dinate and in the Ka¨hler normal coordinate. Since the Jacobian of (A.4)
J ij = ∂ω
i/∂zj = δij +O(z) (A.7)
is unit matrix up to constant order, components of the curvature tensor in the new
coordinate ω is
R′m∗no∗p = Ri∗jk∗l(J
i
m)
∗J jn(J
k
o)
∗J lp = Ri∗jk∗l +O(ω) . (A.8)
Therefore components of the curvature tensor is invariant up to constant order.
We can use an arbitrary coordinate to calculate the curvature tensor in low-energy
theorems (1.7), although low-energy theorems theirselves have been obtained in
normal coordinates.
B General Ka¨hler potential
In Sec. 4, we have calculated geometric quantities in the case of the simplest Ka¨hler
potential K = f(x) = x. In this appendix we calculate them in an arbitrary case
K = f(x).
We can calculate the geometric quantities of the O(N) model by using the for-
mulas obtained in Sec. 4.1. First the metric is (we omit primes except for ~v′)
gij∗ = ∂i∂j∗K = GRSE
R
i (E
S
j )
∗,
GRS∗ = f
′(z)(~v ′†ZS
†ξ†ξZR~v
′) + f ′′(z)(~v ′†ZS
†ξ†ξ~v ′)(~v ′†ξ†ξZR~v
′),
z
def
= ~v ′†ξ†ξ~v ′. (B.1)
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At the point ϕ = 0, we define derivatives of the arbitrary function by
f1
def
= f ′(~v ′†~v ′) = f ′(v′
2
), f2
def
= f ′′(~v ′†~v ′) = f ′′(v′
2
) , · · · . (B.2)
The auxiliary metric at the point ϕ = 0 is
GRS∗|ϕ=0 = f1〈S†R〉+ f2〈S†〉〈R〉 , (B.3)
where we have used the notations in Eq. (4.6). This becomes for the O(N) model
GRS∗|ϕ=0 =
(
f1v
2δIJ∗ 0
0 f1v
′2 + f2c
4
)
, (B.4)
from Eq. (4.7). The vielbein and the Hˆ-connection at the point ϕ = 0 are
ERi |ϕ=0 = δRi , WMi |ϕ=0 = 0, (B.5)
respectively, and differentiations of the vielbein with respect to coordinates are
∂jE
R
i |ϕ=0 = 0 . (B.6)
The curvature tensor (4.12) on the point ϕ = 0 of an arbitrary symmetric GC/Hˆ
is given by
RRS∗UV ∗|ϕ=0
= f1〈S†V †UR〉+ f2(〈V †U〉〈S†R〉+ 〈S†U〉〈V †R〉+ 〈S†V †〉〈UR〉
+〈V †〉〈S†UR〉 + 〈U〉〈S†V †R〉+ 〈S†V †U〉〈R〉+ 〈S†〉〈V †UR〉)
+f3(〈V †〉〈U〉〈S†R〉+ 〈V †〉〈S†U〉〈R〉+ 〈V †〉〈S†〉〈UR〉
+〈V †U〉〈S†〉〈R〉+ 〈U〉〈S†V †〉〈R〉+ 〈U〉〈S†〉〈V †R〉) + f4〈V †〉〈U〉〈S†〉〈R〉
−GXY ∗|ϕ=0
×(f1〈X†SV 〉+ f2(〈S〉〈X†V 〉+ 〈X†S〉〈V 〉+ 〈X†〉〈SV 〉) + f3〈S〉〈X†〉〈V 〉)∗
×(f1〈Y †RU〉 + f2(〈R〉〈Y †U〉 + 〈Y †R〉〈U〉 + 〈Y †〉〈RU〉) + f3〈R〉〈Y †〉〈U〉), (B.7)
where have defined
Rij∗kl∗ = RRS∗UV ∗δ
R
i (δ
S
j )
∗δUk (δ
V
l )
∗ . (B.8)
In the case of the O(N) model, it can be calculated from Eq. (4.7), to yield
RIJ∗KL∗ = v
4
[
f1
2 + f1f2v
′2
f1v′
2 + f2c4
]
δIKδJ∗L∗ + f2v
4(δIJ∗δKL∗ + δIL∗δKJ∗) ,
RN−1,J∗,KL∗ = RI,N−1,KL∗ = 0 ,
RN−1,N−1∗,KL∗ = v
2
[
f1f2v
′2 + (f1f3 − f22)c4
f1
]
δKL∗ ,
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RN−1,J∗,N−1,L∗ = v
4
[
f1
2 + f1f2v
′2 − (2f22 + f1f3)c4
f1v′
2 + f2c4
]
δJ∗L∗ ,
RN−1,N−1∗,N−1,L∗ = RN−1,N−1∗,K,N−1∗ = 0 ,
RN−1,N−1∗,N−1,N−1∗
=
1
f1v′
2 + f2c4
[
f1
2v4 + f1f2v
′2(2v′
4
+ v4)− 2f22(v′8 + v4v′4 − 2v8)
+2f1f3c
4(2v′
4
+ v4) + f1f4c
8v′
2
+ (f2f4 − f32)c12
]
, (B.9)
where c4 = v′4 − v4. We can show that these results coincide with direct calcula-
tions after solving the constraint ~φ2 = a2 as φN =
√
a2 −∑N−1i=1 (φi)2. However the
coset formalism presented in this paper can be generalized to an arbitrary model
straightforwardly.
Before the calculation of real components of the curvature tensor, we give com-
ments.
1. At the symmetric point, v′2 = v2, c2 =
√
v′ 4 − v4 = 0, the curvatures can be
written as
Rij∗kl∗ =
1
2
fpi
2δikδj∗l∗ + g
2(δikδj∗l∗ + δij∗δkl∗ + δil∗δkj∗) , (B.10)
fpi
2 = 2f1v
2 , g2 = f2v
4. (B.11)
We recovered previous results in Ref. [14] and Eq. (1.19) for the O(N) model.
2. For the case of the linear Ka¨hler potential,
f(x) = x : f1 = 1 , f2 = f3 = · · · = 0 , (B.12)
they reduce to results in Eq. (4.13).
We can calculate real components of the curvature tensor which are directly
concerned with low-energy theorems, given by (i, j, k, l = 1, · · · , N − 2)
RAiAjAkAl = 2v
4
[
f1
2 − f22c4
f1v′
2 + f2c4
]
(δikδjl − δilδjk),
RBiAjBkAl = −2v4
[
f1
2 + 2f1f2v
′2 + f2
2c4
f1v′
2 + f2c4
]
(δikδjl + δilδjk)− 4f2v4(δijδkl),
RBiAjAkAl = RAiAjBkAl = 0,
RAN−1AjAN−1Al
=
2v2
f1(f1v′
2 + f2c4)
[
f1
3v2 + f1
2f2v
′2(v2 − v′2)− 2f1f22v2c4 + f23c8,
−f12f3(v2 + v′2)c4 − f1f2f3c8
]
δjl,
RAN−1AN−1AkAl = 0,
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RBN−1AjBN−1Al
=
2v2
f1(f1v′
2 + f2c4)
[
− f13v2 − f12f2v′2(v2 + v′2) + 2f1f22v2c4 + f23c8
+f1
2f3(v
2 − v′2)c4 − f1f2f3c8
]
δjl,
RBN−1AN−1BkAl = −4v2
[
f1f2v
′2 + (f1f3 − f22)c4
f1
]
δkl,
RBN−1AN−1BN−1AN−1
=
−4
f1v′
2 + f2c4
[
f1
2v4 + f1f2v
′2(2v′
4
+ v4)− 2f22(v′8 + v4v′4 − 2v8)
+2f1f3c
4(2v′
4
+ v4) + f1f4c
8v′
2
+ (f2f4 − f32)c12
]
. (B.13)
At the symmetric point, these reduce to (i, j, k, l = 1, · · · , N − 1)
RAiAjAkAl = fpi
2(δikδjl − δilδjk),
RBiAjBkAl = −fpi2(δikδjl + δilδjk)− 4g2(δikδjl + δilδjk + δijδkl),
RBiAjAkAl = RAiAjBkAl = 0 , (B.14)
which again coincide with those obtained in Ref. [14] and Eq. (1.22) for the O(N)
model.
References
[1] S. Coleman, J. Wess and B. Zumino, Phys. Rev. 177 (1969) 2239.
C. G. Callan, S. Coleman, J. Wess and B. Zumino, Phys. Rev. 177 (1969) 2247.
[2] M. Bando, T. Kugo and K. Yamawaki, Phys. Rep. 164 (1988) 217.
[3] T. Kugo, I. Ojima, T. Yanagida, Phys. Lett. 135B (1984) 402.
W. Lerche, Nucl. Phys. B246 (1984) 475.
[4] T. E. Clark and S. T. Love, Phys. Rev. D56 (1997) 2461, hep-th/9701134.
[5] B. Zumino, Phys. Lett. 87B (1979) 203.
[6] M. Bando, T. Kuramoto, T. Maskawa and S. Uehara, Phys. Lett. 138B (1984)
94; Prog. Theor. Phys. 72 (1984) 313; 72 (1984) 1207.
[7] T. Kugo, Soryushiron Kenkyu (Kyoto) 95 (1997) C56; “Supersymmetric Non-
linear Realization”, SCGT96 Proceedings (World Scientific, 1996), ed. by
J. Nishimura and K. Yamawaki, available in http://ekenwww.phys.nagoya-
u.ac.jp/Scgt/proc/.
[8] K. Itoh, T. Kugo and H. Kunitomo, Nucl. Phys. B263 (1986) 295; Prog. Theor.
Phys. 75 (1986) 386.
26
[9] W. Lerche, Nucl. Phys. B238 (1984) 582.
[10] W. Buchmu¨ller and W. Lerche, Ann. Phys. 175 (1987) 159.
[11] A. C. Kotcheff and G. M. Shore, Int. J. Mod. Phys. A4 (1989) 4391; Nucl.
Phys. B333 (1990) 701; Nucl. Phys. B336 (1990) 245.
[12] K. Higashijima and M. Nitta, Prog. Theor. Phys. 103 (2000) 635, hep-
th/9911139; Prog. Theor. Phys. 103 (2000) 833, hep-th/9911225;
“Supersymmetric Nonlinear Sigma Models”, hep-th/0006025, to appear in Pro-
ceedings of Confinement 2000 held at Osaka, Japan, March, 2000;
“Auxiliary Field Formulation of Supersymmetric Nonlinear Sigma Models”,
hep-th/0008240, to appear in Proceedings of ICHEP 2000 held at Osaka, Japan,
July, 2000.
K. Higashijima, T. Kimura, M. Nitta and M. Tsuzuki, “Large-N Limit ofN = 2
Supersymmetric QN Model in Two Dimensions”, hep-th/0010272.
[13] M. Nitta, Int. J. Mod. Phys. A14 (1999) 2397, hep-th/9805038.
[14] K. Higashijima, M. Nitta, K. Ohta and N. Ohta, Prog. Theor. Phys. 98 (1997)
1165, hep-th/9706219
[15] G. M. Shore, Nucl. Phys. B320 (1989) 202; Nucl. Phys. B334 (1990) 172.
[16] L. Alvarez-Gaume´, D. Z. Freedman and S. Mukhi, Ann. of Phys. 134 (1981)
85.
[17] A. C. Kotcheff and G. M. Shore, Nucl. Phys. B301 (1988) 267.
[18] M. A. Luty, J. March-Russel and H. Murayama, Phys. Rev D52 (1995) 1190,
hep-ph/9501233.
[19] K. Higashijima and M. Nitta, “Ka¨hler Normal Coordinate Expansion in Super-
symmetric Theories”, hep-th/0006027
[20] T. E. Clark and W. T. A. ter Veldhuis, Nucl. Phys. B426 (1994) 385, hep-
ph/9401346. K. J. Barnes, D. A. Ross and R. D. Simmons, Phys. Lett. 338B
(1994) 457, hep-th/9403202. M. A. Walker, Int. J. Mod. Phys. A11 (1996)
1007, hep-th/9505243.
[21] D. Nemeschansky and R. Rohm, Nucl. Phys. B249 (1985) 151.
[22] J. Wess and J. Bagger, “Supersymmetry and Supergravity”, Princeton Univ.
Press, Princeton (1992).
27
